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L∞-BOUNDS FOR GENERAL SINGULAR ELLIPTIC
EQUATIONS WITH CONVECTION TERM
GRETA MARINO AND PATRICK WINKERT
Abstract. In this note we present L∞-results for problems of the form
− divA(x, u,∇u) = B(x, u,∇u) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,
where the growth condition for the function B : Ω×R×RN → R contains both
a singular and a convection term. We use ideas from the works of Giacomoni-
Schindler-Taka´cˇ [2] and the authors [4] to prove the boundedness of weak
solutions for such general problem by applying appropriate bootstrap argu-
ments.
1. Introduction and Assumptions
Let Ω ⊂ RN be a bounded domain with a Lipschitz boundary ∂Ω. In this paper,
we are concerned with the following problem
− divA(x, u,∇u) = B(x, u,∇u) in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,
(1.1)
where we assume the subsequent hypotheses:
(H) The functions A : Ω×R×RN → RN and B : Ω×R×RN → R are supposed
to be Carathe´odory functions such that
(H1) |A(x, s, ξ)| ≤ a1|ξ|
p−1 + a2|s|
q p−1
p + a3, for a.a. x ∈ Ω,
(H2) A(x, s, ξ) · ξ ≥ a4|ξ|
p, for a.a. x ∈ Ω,
(H3) |B(x, s, ξ)| ≤ b1|ξ|
p
q−1
q + b2|s|
−δ + b3|u|
q−1 + b4, for a.a. x ∈ Ω,
for all s ∈ R, for all ξ ∈ RN , with nonnegative constants ai, bj (i, j ∈
{1, . . . , 4}) and fixed numbers
1 < p <∞, p ≤ q ≤ p∗ and 0 < δ < 1. (1.2)
By p∗ we denote the critical exponent of p, that is
p∗ =
{
Np
N−p if p < N,
any r ∈ (1,∞) if p ≥ N.
From (1.2) we see that the case q = p∗ is allowed and so critical growth can occur.
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We are interested in a priori bounds for weak solutions of problem (1.1). By a
weak solution we mean a function u ∈W 1,p0 (Ω) such that u > 0 a.e. in Ω and∫
Ω
A(x, u,∇u) · ∇v dx =
∫
Ω
B(x, u,∇u)v dx (1.3)
is satisfied for all test functions v ∈ W 1,p0 (Ω). Taking into account hypotheses
(H) we see that we have a well-defined weak solution. Note that for the second
term on the right-hand side of (H3) the weak solution is per definition a function
u ∈ W 1,p0 (Ω) such that u
−δv ∈ L1(Ω) for every v ∈ W 1,p0 (Ω). This is a natural
definition consistent with the classical definition of a weak solution.
Our main result reads as follows.
Theorem 1.1. Let Ω ⊂ RN be a bounded domain with Lipschitz boundary ∂Ω
and let hypotheses (H) be satisfied. Then, any weak solution u ∈ W 1,p0 (Ω) of (1.1)
belongs to L∞(Ω).
The most important feature of (1.1) is the presence of critical and negative
exponents along with a convection term and a possibly nonhomogeneous operator
which states the problem in a very general setting. A key role in the proof of
Theorem 1.1 is Lemma 2.1 stated in Section 2 which transforms the weak definition
of our problem (see (1.3)) in the right form by using a suitable test function in
order to apply powerful bootstrap arguments.
Singular elliptic equations have been increasingly studied in the past decade and
although there is no complete regularity theory for such problems, existence and
multiplicity of weak solutions of (1.1) has been proved in several works. We only
mention, for example, Giacomoni-Schindler-Taka´cˇ [2], Marano-Marino-Moussaoui
[3], Papageorgiou-Smyrlis [5], Papageorgiou-Winkert [6], Perera-Zhang [7] and the
references therein.
The motivation of our work is the paper of Giacomoni-Schindler-Taka´cˇ [2] (see
also Giacomoni-Saoudi [1]) who proved the boundedness of weak solutions of the
singular problem
−∆pu =
λ
uδ
+ uq in Ω,
u > 0 in Ω,
u = 0 on ∂Ω,
(1.4)
see Lemma A.6 in [2]. We point out that our problem is much more general than
those in (1.4). Indeed, with a view to the conditions (H1) and (H2) we see that
the (p, q)-Laplace differential operator, which is a prototype of a nonhomogeneous
operator, fits in our setting, that is,
∆pu+∆qu = div
(
|∇u|p−2∇u
)
+ div
(
|∇u|q−2∇u
)
for all u ∈W 1,p0 (Ω)
with 1 < q < p. But also the right-hand in (1.1) is more general since we allow
the occurrence of a convection term, that is, the dependence on the gradient of the
solution.
2. Proof of the Main Result
Before we give the proof of Theorem 1.1 we begin with a truncation lemma which
was motivated by the work of Giacomoni-Schindler-Taka´cˇ [2].
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Let Ω>1 := {x ∈ Ω : u(x) > 1}.
Lemma 2.1. Let the hypotheses (H) be satisfied and let u ∈ W 1,p0 (Ω) be a weak
solution of problem (1.1). Then,∫
Ω>1
A(x, u,∇u) · ∇w dx ≤M1
∫
Ω>1
(
|∇u|p
q−1
q + 1 + uq−1
)
w dx, (2.1)
for all nonnegative functions w ∈W 1,p0 (Ω) and for some M1 > 0.
Proof. Let u ∈ W 1,p0 (Ω) be a weak solution of (1.1). We take a C
1-cut-off function
η : R→ [0, 1] such that
η(t) =
{
0 if t ≤ 0,
1 if t ≥ 1,
η′(t) ≥ 0 for all t ∈ [0, 1]. (2.2)
Moreover, for every ε > 0 we define
ηε(t) := η
(
t− 1
ε
)
.
By means of the chain rule, we have
ηε ◦ u ∈W
1,p
0 (Ω) and ∇(ηε ◦ u) = (η
′
ε ◦ u)∇u. (2.3)
Moreover, taking into account the definition of ηε, it holds
ηε ◦ u(x) = η
(
u(x)− 1
ε
)
=


1 if u(x)−1
ε
≥ 1,
0 if u(x)−1
ε
≤ 0,
η
(
u(x)−1
ε
)
otherwise.
(2.4)
Now we fix a nonnegative function w ∈ W 1,p0 (Ω). Taking the test function v =
(ηε ◦ u)w in the weak formulation of (1.1) and applying the growth condition (H3)
gives ∫
Ω
A(x, u,∇u) · ∇((ηε ◦ u)w) dx
≤
∫
Ω
(
b1|∇u|
p
q−1
q + b2u
−δ + b3u
q−1 + b4
)
(ηε ◦ u)w dx.
(2.5)
For the left-hand side of (2.5) we get∫
Ω
A(x, u,∇u) · ∇((ηε ◦ u)w) dx
=
∫
Ω
A(x, u,∇u) · [∇(ηε ◦ u)w + (ηε ◦ u)∇w] dx
=
∫
Ω
(A(x, u,∇u) · ∇u((η′ε ◦ u)w) +A(x, u,∇u) · ∇w(ηε ◦ u)) dx
≥
∫
Ω
(a4|∇u|
p(η′ε ◦ u)w +A(x, u,∇u) · ∇w(ηε ◦ u)) dx
≥
∫
Ω
A(x, u,∇u) · ∇w(ηε ◦ u) dx,
(2.6)
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where we used (2.2), (2.3) and (2.4). From (2.5)-(2.6) we then derive
∫
Ω
A(x, u,∇u) · ∇w(ηε ◦ u) dx
≤
∫
Ω
(
b1|∇u|
p
q−1
q + b2u
−δ + b3u
q−1 + b4
)
(ηε ◦ u)w dx.
(2.7)
Letting ε→ 0+, from (2.4) and (2.7), we obtain
∫
Ω>1
A(x, u,∇u) · ∇w dx
≤
∫
Ω>1
(
b1|∇u|
p q−1
q + b2u
−δ + b3u
q−1 + b4
)
w dx
≤
∫
Ω>1
(
b1|∇u|
p
q−1
q + b2 + b3u
q−1 + b4
)
w dx
≤M1
∫
Ω>1
(
|∇u|p
q−1
q + 1 + uq−1
)
w dx,
where M1 := max{b1, b2 + b4, b3}. The proof is thus complete. 
Remark 2.2. In a recent paper of the authors [4] a more general coercivity condi-
tion in the form
A(x, s, ξ) · ξ ≥ a4|ξ|
p − a5|s|
q − a6
is used instead of (H2). Unfortunately, we were not able to prove Lemma 2.1 with
such general estimate and used (H2) instead.
Proof of Theorem 1.1.
We are going to show the proof only in the critical case q = p∗.
Part 1: u ∈ Lr(Ω) for any r <∞.
Let h > 0 and set uh := min{u, h}. Let κ > 0. Testing (2.1) with w = uu
κp
h
results in ∫
Ω>1
(A(x, u,∇u) · ∇u)uκph dx
+ κp
∫
Ω>1
(A(x, u,∇u) · ∇uh)u
κp−1
h u dx
≤M1
∫
Ω>1
(
|∇u|p
p
∗
−1
p∗ + 1 + up
∗−1
)
uu
κp
h dx.
(2.8)
Note that we have used ∇w = uκph ∇u+ uκpu
κp−1
h ∇uh. Now we may apply (H2) to
both terms on the left-hand side. We obtain∫
Ω>1
(A(x, u,∇u) · ∇u)uκph dx ≥ a4
∫
Ω>1
|∇u|puκph dx (2.9)
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and
κp
∫
Ω>1
(A(x, u,∇u) · ∇uh)u
κp−1
h u dx
= κp
∫
{x∈Ω>1:u(x)≤h}
(A(x, u,∇u) · ∇u)uκph dx
≥ a4κp
∫
{x∈Ω>1:u(x)≤h}
|∇u|puκph dx.
(2.10)
For the right-hand side of (2.8) we will use Young’s inequality which implies that
M1
∫
Ω>1
(
|∇u|p
p
∗
−1
p∗ + 1 + up
∗−1
)
uu
κp
h dx
= M1
∫
Ω>1

( a4
2M1
) p∗−1
p∗
|∇u|p
p
∗
−1
p∗ u
κp
p
∗
−1
p∗
h
×
(
a4
2M1
)− p∗−1
p∗
u
κp
(
1− p
∗
−1
p∗
)
h u

 dx
+M1
∫
Ω>1
uu
κp
h dx+M1
∫
Ω>1
up
∗
u
κp
h dx
≤
a4
2M1
M1
∫
Ω>1
|∇u|puκph dx
+M1
((
a4
2M1
)−(p∗−1)
+ 2
)∫
Ω>1
up
∗
u
κp
h dx.
(2.11)
Combining (2.9), (2.10) and (2.11) gives
a4
(
1
2
∫
Ω>1
|∇u|puκph dx+ κp
∫
{x∈Ω>1:u(x)≤h}
|∇u|puκph dx
)
≤M2
∫
Ω>1
up
∗
u
κp
h dx.
Now we can follow the treatment in [4, from (3.7) to (3.21)] which finally shows
κp+ 1
(κ+ 1)p
‖uuκh‖
p
W
1,p
0 (Ω>1)
≤M2
∫
Ω>1
up
∗
u
κp
h dx. (2.12)
and then
‖u‖L(κ+1)p∗(Ω>1) ≤M3(κ, u)
for any finite number κ with a positive constant M3(κ, u) depending on κ and on
the solution itself. This implies that u ∈ Lr(Ω>1) for any r ∈ (1,∞). Moreover,
since∫
Ω
ur dx =
∫
Ω>1
ur dx+
∫
{x∈Ω:u(x)≤1}
ur dx ≤ (M3(κ, u)
r + 1) |Ω| <∞, (2.13)
where |Ω| stands for the Lebesgue measure of Ω, we easily have u ∈ Lr(Ω) for every
r ∈ (1,∞).
Part 2: u ∈ L∞(Ω).
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As done in [4, see (3.28) until the end of Case II.1] we can start from (2.12), that
is,
κp+ 1
(κ+ 1)p
‖uuκh‖
p
W
1,p
0 (Ω>1)
≤M2
∫
Ω>1
up
∗
u
κp
h dx.
By an appropriate usage of Ho¨lder’s inequality, Fatou’s lemma and the Sobolev
embedding theorem we can reach that
‖u‖L(κn+1)p∗ (Ω>1) ≤M4,
where (κn + 1)p
∗ → ∞ as n → ∞. This shows that u ∈ L∞(Ω>1). The same
argument as in (2.13) can be applied and so we conclude that u ∈ L∞(Ω). 
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